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PLACE VALUE
ON THE HORIZON

One is hard-pressed to think of universal cus-
toms that man has successfully established on
earth. There is one, however, of which he can
boast— the universal adoption of the Hindu-
Arabic numerals to record numbers. In this we
perhaps have man’s unique worldwide victory of
an idea.

—Howard W. Eves, Mathematical Circles Squared
Numbers have neither substance, nor meaning,
nor qualities. They are nothing but marks, and
all that is in them we have put into them by the
simple rule of straight succession.

—Hermann Weyl, quoted in Armchair Science Reader

ADDITIVE NUMERATION SYSTEMS

How do we comprehend and communicate “how many?”? Although the eye
can often perceive five or fewer objects as a whole (see Chapter 3), amounts
larger than this need to be counted, or the larger amount needs to be decom-
posed into smaller amounts that can be subitized and then added. Because we
cannot “see” quantities larger than four or five as a whole but instead must
operate on them to determine how many, humans across cultures and over
time constructed ways to represent amounts symbolically. We invented nu-
merals and operations.

Sticks, Stones, and Bones

The first numerical marks that we are aware of in history come from the Pa-
leolithic era. These marks were slashes, or tallies, carved onto cave walls or
into bone, wood, or stone. One slash meant one object; thus ten reindeer
were denoted with ten tallies. The marks had a one-to-one correspondence
with the objects being counted. Bones bearing such numerical slashes have
been found that are nearly 30,000 years old (Guedj 1996).

Because a “one thing, one :oﬁr:,mvﬁma was (0o cumbersome to rep-
resent large amounts, over time humans refined this system. One refinement
was the use of knots arranged along cords, in Persia, in the fifth century B.C.

“«
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YOUNG
MATHEMATICIANS
AT WORK

dimes and no pennies, yet they still thought of 30 and 40 as whole quanti-
ties, not as three dimes and no pennies, or four dimes and no pennies. They
needed to check out Ellie’s conjecture about the zero with other numbers.
They did not automatically see that the zero meant no pennies. Children also
often write numbers above 100 with two zeroes—using 10013 for one hun-
dred and thirteen, for example. They do not fully understand the combina-
tion of the place value columns and the use of zero.

In addition, the idea that a numeral can represent ones or tens or hun-
dreds, depending on where it is placed, involves the big idea of unitizing.
The numeral 2 represents two units, but the units themselves can change;
they can be ones or tens or hundreds or thousands or more. Cognitively, this
isanother abstraction from concrete objects. The unit is a variable. Its amount
changes depending on the column in which it is placed. The numeral 2 sim-
ply represents the cardinality of the units.

HELPING CHILDREN DEVELOP
MATHEMATICAL NOTATION

Just as these ideas were difficult for humans to invent, evolving only slowly
over many, many years, they are huge developmental milestones in the math-
ematical development of young children. Martin Hughes (1986) showed
children between the ages of three and seven several different cans contatn-
ing different-sized groups of plastic bricks (one, two, three, five, and six) and
asked them to put something on paper to show how many bricks were in
each of the cans. The developmental progression he found paralleled the his-
torical progression of the development of numerical writing.

Many of the youngest children made idiosyncratic drawings that seemed
to have no connection at all to quantity. They just drew pictures of the objects
with no attempt to represent the amount. As the big idea of one-to-one cor-
respondence was constructed, children began to represent quantity with pic-
tographic representations—they actually drew the bricks, one for one, to
show the amount. Later the representations took on an iconic representa-
tion, with slash marks or dots used as symbols to represent the quantity of
the objects. Eventually, but not without a great deal of struggle, children
attempted to represent the quantity with only one symbol. Understanding
that one symbol can represent the whole amount requires an understanding
of cardinality. This is a landmark leap for children.

A Window into a Classroom

Jodi Weisbart (2000), a K-1 teacher in New York City, set out in the begin-
ning of a school year to investigate how her children would represent quan-
tity. She began by giving the children various bags of objects and asking them
to make signs for their bags to show how many objects they had.

. Look at the work of Jack and Susie in Figures 4.1a and 4.1b. Both use
a pictorial representation. Jack had a bag with seven teddy bears. He drew
every bear in the bag, matching their color: four are green, three are red
Susie had a bag with fifteen Unifix cubes: eight yellow, mm<mz~ red. Like ;mn_A.
she drew every cube, matching color and quantity. On the other hand moam.
om. the children used an iconic representation. For example, Ronald rmm aba
with fourteen teddy bears, but he drew fourteen circles (see Figure 4.2) Fm.w
E.F,m::w_? he still matches the colors. Most of the children, after A_‘E@:m
pictures or representations of what was in their bag, also added numerals
Were they drawing only because they liked to draw? Or did they need &

My Inventory Bag

- @

FIGURE 4.1a  Jack represents 7 bears pictorially

\u\mnmsm\cmmm
on the Horizon
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FIGURE 4.3
Raquel represents
her counting

)

LeeAnne also organized her work (see Figure 4.6b). Her representation is
iconic; she used squares to represent the children. But she grouped them by
color into sixes as she worked and wrote, “Sics gren [six green], sics red, sics
blos [six blues], sics yelos, for prpols [four purples].” When she completed
the drawing she wrote 28. Why LeeAnne chose to use sixes is a mystery. And
why did Ezra choose twelve? Often as children begin to try to keep track of
their work, they choose numbers that are friendly to them. But as they
become more comfortable with our number system, their grouping shifts to
fives and tens. Bill's work (Figure 4.6¢) represents this shift. He also made
an iconic representation, but he adds the numerals 10, 10, and 8 underneath
his cubes. In LeeAnne’s and Bill's representations we see the beginning of an
additive system. Adding the amounts will produce the total quantity.

Working with Context

One way to use context to challenge children is to manipulate the numbers
as Jodi did here, by making them larger. Another way is to build in a po-
tentially realized suggestion or constraint. Of course, just because we design

a context with suggestions or constraints does not mean our students will
experience them as such. Suggestions and constraints themselves must
be constructed. Even so, molding the context can be a powerful didactic. To
challenge the children to use more grouping, Jodi designed a context with
potential grouping suggestions built in. She asked the children to investigate
how many cookies would be needed for snack if every child got five and to
figure out how many fingers there were in the class of twenty-eight children.
For homework she asked them to figure out how many eyes, ears, and fingers
there were in their families. In all of these problems children can count by
ones if they need to, but the suggestion of grouping (fives, tens, and twos) may
lead children to represent the groups.

[88

Place Value
on the Horizon

FIGURE 4.4
Eliam represents 28 kids
by drawing 28 cubbies
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Ivy did just that (see Figure 4.7). She worked on the snack problem by
drawing groups of fives. She put two of these groups together and wrote 10.
She continued like this, drawing every cookie, but symbolizing these groups
by skip counting by ten until she reached sixty. Then she probably tired
from the tedium of all the drawing, because she shifted her strategy and be-
gan to represent the five cookies with only the numeral. And she counted
these two fives as ten! Ivy has passed a critical landmark: she is now symbol-
izing, and grouping two fives to make ten.

For the ears and eyes problem, most children drew ears and eyes, al-
though they did draw the groups and then label the amounts. The finger prob-

s — |
DO coqE D= (5> (BI=100

FIGURE 4.7 Ivy symbolizes and uses two groups of five to make ten

lem, however, did result in the shift in representation Jodi was anticipating.
For example, Julie used an additive system based on tens: 10 + 10 + 10 =
30. Martin and Everett drew circles and counted on by ten. Underneath the
circles they labeled the number of children. They not only used a symbolic
strategy but also used numbers in two ways simultaneously—to represent
the fingers and the people! One group of ten (one person) equals ten units
(ten fingers).

To support this beginning ability to represent groups of ten symboli
cally, Jodi next had her students take an inventory of the classroom books.
The books used for reading workshop were kept in plastic bins, categorized
by author, subject matter, or level. Jodi supplied rubber bands and sug-
gested that the children group the books in each bin into stacks of ten and
put a rubber band around each group, and then put a sticky note on each
bin indicating how many packs of ten books, how many loose books, and
how many books all together (Figure 4.8 shows labels made by Eva and

Place Value
on the Horizon

FIGURE 4.8

Eva and LeeAnne make

signs for the bins
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P

YOUNG
MATHEMATICIANS
AT WORK

no nine.” They check together, as do several other children, until consensus
is reached that ten more are needed.

Cathy drawsa leap of ten on the open number line, asking, “So how many
T-shirts is that now?” Megan and Amy agree that it is forty-six.

Amy begins by adding seven onto the twenty-nine. But rather than
calculating the 1 in the 17 as a ten, she treats it as a one and then gets lost.
She does not automatically know that the 1 in 17 is one group of ten. She
and Megan must count on, using their fingers, in order to figure it out.

Contrast Amy’s understanding with that of Stephanie and Iris as we lis-
ten to Stephanie explain how she and Iris figured out an order for twenty-
one medium T-shirts and nine extra-large ones: “We knew that twenty-one
and nine make thirty because we knew that twenty plus nine was twenty-
nine and one more is thirty.”

“Oh, so you split the twenty-one up into twenty and one, and started
with twenty?” Stephanie nods in agreement. Cathy again uses an open num-
ber line to represent their thinking (see Figure 4.9b). “And then, like a big
frog jump, you went from twenty right to twenty-nine?”

“Yep, and then we put the one back on, and we knew it was thirty,”
Stephanie concludes with certainty.

Stephanie flexibly decomposes the twenty-one into 20 + 1. Further,
she understands that when the nine is added to twenty, the total automati-
cally becomes twenty-nine. She does not need to count on because she un-
derstands the number system—how units are added to the tens. 5

Joey then explains that his order for twenty-five large T-shirts, twenty-
five medium T-shirts, and twenty-five small T-shirts can be solved by cal-
culating 20 + 20 + 20 + 10 + 5. Although all the children understand
where Joey has gotten the twenties, there is some confusion over whether 20
+ 20 + 20 equals 60. Jennie and Sarah help him explain, using coat hang-
ers packed into groups of tens that Linda has provided as a manipulative
during these investigations.

Jennie lays out two piles of ten coat hangers and says, “That’s twenty:
two-packs, like if you take off the zero.” She continues taking a pack of hang-
ers at a time and says, “Thirty, forty, fifty, sixty.”

Cathy points to two packs of hangers at a time, “So that's twenty, forty,
sixty?”

Sarah completes the explanation. “Yes, see you need six packs of tens .
one, two, three, four, five, six.” Then she recounts by tens, “Ten, twenty,
thirty, forty, fifty, sixty.”

Here the children are beginning to quantify packs. They talk about two
packs being twenty and six packs being sixty. Unitizing is in place—two
can represent two loose shirts, or two packs of ten shirts for a total of twenty.
A multiplicative system rather than an additive one is being used. A land-
mark on the landscape of learning has been passed.

INVESTIGATIONS TO FACILITATE PLACE
VALUE DEVELOPMENT

Place value involves the big idea of unitizing. Any meaningful context that
involves children in packing items into groups and keeping track of loose
items is likely to bring the idea of unitizing to the surface for discussion.
Teachers find various ways to make such packing contexts their own, ways
that are connected to the lives of the children in their classrooms.

Several examples have already been described in this book. Madeline
Chang has her students build necklaces by alternating five beads of one
color with five beads of another color. They charge one cent per bead and
make charts for the cashiers that show how many dimes and how many pen-
nies different-sized necklaces will cost. Linda Jones has her students create
ten-packs of T-shirts for the PTA sale and asks them to make a chart that will
show how many packs and how many loose T-shirts will be needed to fill
various orders. Jodi Weisbart asks her students to take inventory of class-
room materials.

One day Lisa Merideth, also a teacher in Missouri, saw the school’s sec-
retary counting out handouts for each class. But the phone kept ringing,
making her lose track. Lisa and her students came to the rescue: they sepa-
rated the handouts into stacks of ten and made a chart for the secretary
showing how many packs and how many loose sheets she needed for each
class in the school.

Naomi Cortez in New York City, developed a context around packing
Lifesavers and making a chart for the Lifesaver Company, which is in Port
Chester, New York. Joy Whitenack and her colleagues (Whitenack et al. in
press) developed a context around Aunt Mary’s Candy Store.

One year Susannah Blum, a teacher in New York City’s East Harlem,
helped her students plant a garden outside the classroom window (Blum
1999). Since the children had been busy ordering seeds, Susannah devel-
oped a context around a seed company, Seed Time, that specialized in mail-
ing very expensive, hybrid seeds that got sent in envelopes containing an
index card with the seeds taped to it in two groups of fives. Susannah hoped
that her children might use the quinary structure to think about two fives
making a ten and use this to count seed orders by tens or fives rather than
ones. The landscape of learning Susannah anticipated over the course of the
investigation is shown in Figure 4.10. Note how it parallels the develop-
ment of early number systems. She anticipated that many of her children
would need to draw each seed to be sure they had twenty-eight, but since
the context required figuring out how many envelopes the company should’

send, she also expected they would draw a circle around groups of ten. She
further anticipated that strategies would range from little organization, to
laying the seeds out in groups of ten at the start, to representing the fives '
and tens in the envelopes, to representing twenty-eight with two envelopes
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70 | YOUNG other hand, make groups of ten consistently. Marcia keeps track of the
Rﬁ&.\%\w_ﬁ:miz% quantity as she goes, notating with skip counting (10, 20, 30, and so on).
Brian counts the packs when he is done, sure that six packs are sixty. Danny
even represents the envelopes and the loose ones using an additive number
system.
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FIGURE 4.12 Dominique’s later work

As the investigation continued over several weeks, with children pack-
ing many different amounts and notating these for the company, strategies
began to change. Dominique (see Figure 4.12) is still drawing every seed,
but he makes use of the five and ten structure. Jeanne continues drawing
envelopes, but she also attempts to keep track of the number of seeds in
each (see Figure 4.13). However, this creates a new dilemma for her as she
struggles with counting by tens. Note how with 84 she is able to count each
envelope by tens; later she becomes confused and reverts to counting by ones
as she tries to figure out 48 and 29. Melanie (see Figure 4.14) has clearly
understood the ten-seeds-per-envelope structure. And Kenny and Deena
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FIGURE 4.13  Jeanne keeps track of the seeds in the envelopes but struggles with counting by tens
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FIGURE 4.16
Deena constructs an
additive number system

to give out. The last shows the

ber of

Children made this chart to help the school secretary know how many packs of paper and loose sheets
ded loose ones to make another pack.
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74 FIGURE 4.17  Loose items, packs chart
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SUMMING UP .

Developing an understanding of our number system parallels the historical
development of number systems. As Hermann Weyl says in the quotation
used as an epigraph for this chapter, “Numbers have neither substance, nor
meaning, nor qualities. They are nothing but marks, and all that is in them we
have put into them by the simple rule of straight succession.” Just as human
beings put quantitative meaning into symbols over time, children's symbol
usage moves from tallies to groups to numerals—from additive systems to
multiplicative systems.

Unitizing is the big idea at the heart of place value. Critical addition and
subtraction strategies in relation to place value are adding or removing units
to get to the next ten (adding 3 to 27 to get to 30 or removing 7 from 27 to
get to 20) and adding or subtracting in leaps of ten (16, 26, 36 or the reverse).
All of these ideas can be explored in packing contexts like the ones described
in this chapter.

As children grapple with these ideas, they construct important mathe-
matical ideas that took centuries to develop. Consider the other epigraph to
this chapter: “One is hard-pressed to think of universal customs that man
has successfully established on earth. There is one, however, of which he
can boast—the universal adoption of the Hindu-Arabic numerals to record
numbers. In this we perhaps have man's unique worldwide victory of an idea.”
When it took humans so long to construct these ideas, how can we not be
impressed with the seriousness of young children’s mathematical endeavors,
their struggles to invent such big ideas, and their capacity to mathematize?
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