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144 Chapter 3. Second Order Linear Equations

PROBLEMS In each of Problems 1 through 8, find the general solution of the given differential equation.
1. y′′ + 2y′ − 3y = 0 2. y′′ + 3y′ + 2y = 0
3. 6y′′ − y′ − y = 0 4. 2y′′ − 3y′ + y = 0
5. y′′ + 5y′ = 0 6. 4y′′ − 9y = 0
7. y′′ − 9y′ + 9y = 0 8. y′′ − 2y′ − 2y = 0

In each of Problems 9 through 16, find the solution of the given initial value problem. Sketch
the graph of the solution and describe its behavior as t increases.

9. y′′ + y′ − 2y = 0, y(0) = 1, y′(0) = 1
10. y′′ + 4y′ + 3y = 0, y(0) = 2, y′(0) = −1
11. 6y′′ − 5y′ + y = 0, y(0) = 4, y′(0) = 0
12. y′′ + 3y′ = 0, y(0) = −2, y′(0) = 3
13. y′′ + 5y′ + 3y = 0, y(0) = 1, y′(0) = 0
14. 2y′′ + y′ − 4y = 0, y(0) = 0, y′(0) = 1
15. y′′ + 8y′ − 9y = 0, y(1) = 1, y′(1) = 0
16. 4y′′ − y = 0, y(−2) = 1, y′(−2) = −1
17. Find a differential equation whose general solution is y = c1e2t + c2e−3t .
18. Find a differential equation whose general solution is y = c1e−t/2 + c2e−2t .
19. Find the solution of the initial value problem

y′′ − y = 0, y(0) = 5
4 , y′(0) = − 3

4 .

Plot the solution for 0 ≤ t ≤ 2 and determine its minimum value.
20. Find the solution of the initial value problem

2y′′ − 3y′ + y = 0, y(0) = 2, y′(0) = 1
2 .

Then determine the maximum value of the solution and also find the point where the
solution is zero.

21. Solve the initial value problem y′′ − y′ − 2y = 0, y(0) = α, y′(0) = 2. Then find α so that
the solution approaches zero as t → ∞.

22. Solve the initial value problem 4y′′ − y = 0, y(0) = 2, y′(0) = β. Then find β so that the
solution approaches zero as t → ∞.

In each of Problems 23 and 24, determine the values of α, if any, for which all solutions tend to
zero as t → ∞; also determine the values of α, if any, for which all (nonzero) solutions become
unbounded as t → ∞.
23. y′′ − (2α − 1)y′ + α(α − 1)y = 0
24. y′′ + (3 − α)y′ − 2(α − 1)y = 0
25. Consider the initial value problem

2y′′ + 3y′ − 2y = 0, y(0) = 1, y′(0) = −β,

where β > 0.
(a) Solve the initial value problem.
(b) Plot the solution when β = 1. Find the coordinates (t0, y0) of the minimum point of
the solution in this case.
(c) Find the smallest value of β for which the solution has no minimum point.
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note that if the real part of the roots is zero, as in this example, then there is no exponential
factor in the solution. Figure 3.3.3 shows the graph of two typical solutions of Eq. (28). In each
case the solution is a pure oscillation whose amplitude is determined by the initial conditions.
Since there is no exponential factor in the solution (29), the amplitude of each oscillation
remains constant in time.

PROBLEMS In each of Problems 1 through 6, use Euler’s formula to write the given expression in the form
a + ib.

1. exp(1 + 2i) 2. exp(2 − 3i)
3. eiπ 4. e2−(π/2)i

5. 21−i 6. π−1+2i

In each of Problems 7 through 16, find the general solution of the given differential equation.
7. y′′ − 2y′ + 2y = 0 8. y′′ − 2y′ + 6y = 0
9. y′′ + 2y′ − 8y = 0 10. y′′ + 2y′ + 2y = 0

11. y′′ + 6y′ + 13y = 0 12. 4y′′ + 9y = 0
13. y′′ + 2y′ + 1.25y = 0 14. 9y′′ + 9y′ − 4y = 0
15. y′′ + y′ + 1.25y = 0 16. y′′ + 4y′ + 6.25y = 0

In each of Problems 17 through 22, find the solution of the given initial value problem. Sketch
the graph of the solution and describe its behavior for increasing t.
17. y′′ + 4y = 0, y(0) = 0, y′(0) = 1
18. y′′ + 4y′ + 5y = 0, y(0) = 1, y′(0) = 0
19. y′′ − 2y′ + 5y = 0, y(π/2) = 0, y′(π/2) = 2
20. y′′ + y = 0, y(π/3) = 2, y′(π/3) = −4
21. y′′ + y′ + 1.25y = 0, y(0) = 3, y′(0) = 1
22. y′′ + 2y′ + 2y = 0, y(π/4) = 2, y′(π/4) = −2
23. Consider the initial value problem

3u′′ − u′ + 2u = 0, u(0) = 2, u′(0) = 0.

(a) Find the solution u(t) of this problem.
(b) For t > 0, find the first time at which |u(t)| = 10.

24. Consider the initial value problem

5u′′ + 2u′ + 7u = 0, u(0) = 2, u′(0) = 1.

(a) Find the solution u(t) of this problem.
(b) Find the smallest T such that |u(t)| ≤ 0.1 for all t > T .

25. Consider the initial value problem

y′′ + 2y′ + 6y = 0, y(0) = 2, y′(0) = α ≥ 0.

(a) Find the solution y(t) of this problem.
(b) Find α such that y = 0 when t = 1.
(c) Find, as a function of α, the smallest positive value of t for which y = 0.
(d) Determine the limit of the expression found in part (c) as α → ∞.
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Despite its appearance, Eq. (30) is actually a first order equation for the function v′

and can be solved either as a first order linear equation or as a separable equation.
Once v′ has been found, then v is obtained by an integration. Finally, y is determined
from Eq. (28). This procedure is called the method of reduction of order, because the
crucial step is the solution of a first order differential equation for v′ rather than
the original second order equation for y. Although it is possible to write down a
formula for v(t), we will instead illustrate how this method works by an example.

E X A M P L E

3

Given that y1(t) = t−1 is a solution of

2t2y′′ + 3ty′ − y = 0, t > 0, (31)

find a fundamental set of solutions.
We set y = v(t)t−1; then

y′ = v′t−1 − vt−2, y′′ = v′′t−1 − 2v′t−2 + 2vt−3.

Substituting for y, y′, and y′′ in Eq. (31) and collecting terms, we obtain

2t2(v′′t−1 − 2v′t−2 + 2vt−3) + 3t(v′t−1 − vt−2) − vt−1

= 2tv′′ + (−4 + 3)v′ + (4t−1 − 3t−1 − t−1)v

= 2tv′′ − v′ = 0. (32)

Note that the coefficient of v is zero,as it should be;this provides a useful check on our algebraic
calculations.

If we let w = v′, then Eq. (32) becomes

2tw′ − w = 0.

Separating the variables and solving for w(t), we find that

w(t) = v′(t) = ct1/2 ;

then
v(t) = 2

3 ct3/2 + k.

It follows that
y = v(t)t−1 = 2

3 ct1/2 + kt−1, (33)

where c and k are arbitrary constants.The second term on the right side of Eq. (33) is a multiple
of y1(t) and can be dropped, but the first term provides a new solution y2(t) = t1/2. You can
verify that the Wronskian of y1 and y2 is

W(y1, y2)(t) = 3
2 t−3/2 #= 0 for t > 0. (34)

Consequently, y1 and y2 form a fundamental set of solutions of Eq. (31) for t > 0.

PROBLEMS In each of Problems 1 through 10, find the general solution of the given differential equation.
1. y′′ − 2y′ + y = 0 2. 9y′′ + 6y′ + y = 0
3. 4y′′ − 4y′ − 3y = 0 4. 4y′′ + 12y′ + 9y = 0
5. y′′ − 2y′ + 10y = 0 6. y′′ − 6y′ + 9y = 0
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7. 4y′′ + 17y′ + 4y = 0 8. 16y′′ + 24y′ + 9y = 0
9. 25y′′ − 20y′ + 4y = 0 10. 2y′′ + 2y′ + y = 0

In each of Problems 11 through 14, solve the given initial value problem. Sketch the graph of
the solution and describe its behavior for increasing t.
11. 9y′′ − 12y′ + 4y = 0, y(0) = 2, y′(0) = −1
12. y′′ − 6y′ + 9y = 0, y(0) = 0, y′(0) = 2
13. 9y′′ + 6y′ + 82y = 0, y(0) = −1, y′(0) = 2
14. y′′ + 4y′ + 4y = 0, y(−1) = 2, y′(−1) = 1
15. Consider the initial value problem

4y′′ + 12y′ + 9y = 0, y(0) = 1, y′(0) = −4.

(a) Solve the initial value problem and plot its solution for 0 ≤ t ≤ 5.
(b) Determine where the solution has the value zero.
(c) Determine the coordinates (t0, y0) of the minimum point.
(d) Change the second initial condition to y′(0) = b and find the solution as a function
of b. Then find the critical value of b that separates solutions that always remain positive
from those that eventually become negative.

16. Consider the following modification of the initial value problem in Example 2:

y′′ − y′ + 0.25y = 0, y(0) = 2, y′(0) = b.

Find the solution as a function of b, and then determine the critical value of b that
separates solutions that grow positively from those that eventually grow negatively.

17. Consider the initial value problem

4y′′ + 4y′ + y = 0, y(0) = 1, y′(0) = 2.

(a) Solve the initial value problem and plot the solution.
(b) Determine the coordinates (tM , yM) of the maximum point.
(c) Change the second initial condition to y′(0) = b > 0 and find the solution as a function
of b.
(d) Find the coordinates (tM , yM) of the maximum point in terms of b. Describe the
dependence of tM and yM on b as b increases.

18. Consider the initial value problem

9y′′ + 12y′ + 4y = 0, y(0) = a > 0, y′(0) = −1.

(a) Solve the initial value problem.
(b) Find the critical value of a that separates solutions that become negative from those
that are always positive.

19. Consider the equation ay′′ + by′ + cy = 0. If the roots of the corresponding characteristic
equation are real, show that a solution to the differential equation either is everywhere
zero or else can take on the value zero at most once.

Problems 20 through 22 indicate other ways of finding the second solution when the
characteristic equation has repeated roots.

20. (a) Consider the equation y′′ + 2ay′ + a2y = 0. Show that the roots of the characteristic
equation are r1 = r2 = −a, so that one solution of the equation is e−at .


